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1 Introduction

This is a summary of the course “Algebra des Programmierens” taught by Prof. Dr. Stefan
Milius in the winter term 2023/2024 at the FAU !. The course is based on [2] with [1] as a
reference for category theory.

Goal of the course is to develop a mathematical theory for semantics of data types and their
accompanying proof principles. The chosen environment is the field of category theory.

1.1 Functions

A function f: X — Y is a mapping from the set X (the domain of f) to the set Y (the codomain
of f). More concretely f is a relation f C X x Y which is

o left-total, i.e. for all x € X exists some y € Y such that (z,y) € f;
o right-unique, i.e. any (z,y), (z,y’") € f imply y = ¢'.
Often, one is also interested in the symmetrical properties, a function is called
o injective or left-unique if for every z, 2" € X the implication f(z) = f(z’) — = = 2’ holds;
o surjective or right-total if for every y € Y there exists an € X such that f(x) = y;

e bijective if it is injective and surjective.

Example 1.1. 1. The identity function id, : A — A, id(x) =z
2. The constant function b! : A — B for b € B defined by b!(z) = b
3. The inclusion function i, : A — B for A C B defined by i, () = =
4. Constants b : 1 — B, where 1 := *. The function b is in bijection with the set B.
)

. Composition of function f : A — B,g : B — C called go f : A — C defined by
(g° f)(x) = g(f(x)).
The empty function j: ) — B

o

7. The singleton function !: A — 1

1.2 Data Types

Programs work with data that should ideally be organized in a useful manner. A useful repre-
sentation for data in functional programming is by means of algebraic data types. Some basic
data types (written in Haskell notation) are

data Bool = True | False
data Nat Zexo | Succ Nat
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1 Introduction

These data types are declared by means of constructors, yielding concrete descriptions how
inhabitants of these types are created. Parametric data types are additionally parametrized by
another data type, e.g.

data Maybe a Nothing | Just a
data Either a b = Left a | Right b
data List a Nil | Cons a (List a)

Such data types (parametric or non-parametric) usually come with a principle for defining
functions called recursion and in richer type systems (e.g. in a dependently typed setting) with
a principle for proving facts about recursive functions called induction. Equivalently, every
function defined by recursion can be defined via a fold-function which satisfies an identity and
fusion law, which replace the induction principle. Let us now consider two examples of data
types and illustrate this.

1.2.1 Natural Numbers

The type of natural numbers comes with a fold function foldn : C' — (Nat — C) — Nat — C
for every C, defined by

foldn ch zero =c

foldn ¢ h (suc n) = h (foldn ¢ h n)

Example 1.2. Let us now consider some functions defined in terms of foldn.

e iszero: Nat — Bool is defined by

iszero = foldn true false!

e plus: Nat — Nat — Nat is defined by
plus = foldn id (succ o eval)
where eval : (A — B) — A — B is defined by

eval fa= fa

Proposition 1.3. foldn satisfies the following two rules
1. Identity: foldn zero succ = idy,,

2. Fusion: for allc:C, h,h' : Nat — C and k : C — C’ with k¢ = ¢’ and kh = h'k follows
ko foldn c h = foldn ¢’ b/, or diagrammatically:

1 ~— C — C
c
c’ — c’
implies
Nat foldn c h C
k
foldn ¢’ b’
C/



1.2.1 Natural Numbers

Proof. Both follow by induction over an argument n : Nat:
1. Identity:

Case 1. n = zero
foldn zero succ zero = zero = id zero

Case 2. n = sucem

foldn zero succ (succ m) = succ(foldn zero sucec m)
= succm

= id(succ m)

2. Fusion:

Case 1. n = zero

k(foldn ¢ h zero) =k ¢ = ¢’ = foldn ¢’ b’ zero

Case 2. n = sucem

k(foldn ¢ h (succ m)) = k(h(foldn ¢ h m))
= h/(k(foldn ¢ h m))
= h/(foldn ¢’ b’ m)

= foldn ¢’ h' (succ m)

(IH)

(TH)

O]

Example 1.4. The identity and fusion laws can in turn be used to prove the following induction

principle:

For any predicate p : Nat — Bool,
1. p zero = true and
2. posucc=7p

implies p = true!. This follows by

p
= po (foldn zero succ)

= foldn true id
= true! o (foldn zero succ)

= true!.

Where the first application of Fusion is justified, since the diagram

1 zero Nat succ Nat

true

Bool id —— Bool

(Identity
(Fusion
(Fusion

(Identity

~— ~— ~— ~—
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commutes by the requisite properties of p, and the second application of Fusion is justified,
since the diagram
1 zZero Nat succ Nat

true! true!
true

Bool id —— Bool

trivially commutes.

1.2.2 Lists

We will now look at the List type and examine it for similar properties. Let us start with the
fold function foldr : C' — (A — C — C) — List A — C, which is defined by

foldr ¢ h nil =c
foldr ¢ h (cons x xs) = h a (foldr ¢ h xs)

Example 1.5. Again, let us define some functions using foldr.
o length : List A — Nat is defined by

length = foldr zero (succ!)

e For f: A— B we can define List-mapping function List f : List A — List B by
List f = foldr nil (cons o f)
Proposition 1.6. foldr satisfies the following two rules

1. Identity: foldr nil cons = idy ;s A
2. Fusion: for allc:C, h,h’ : Nat



2 Category Theory

Categories consist of objects and morphisms between those objects, that can be composed in
a coherent way. This yields a framework for abstraction of many mathematical concepts that
enables us to reason on a very abstract level.
Definition 2.1 (Category). A category % consists of

o a class of objects denoted ||,

o for every pair of objects A, B € |€| a set of morphisms ¢’ (A, B) called the hom-set,

o a morphism id, : A — A for every A € |€|

e a composition operator (—)o(—) : €(B,C) — €(A,B) — € (A, C) for every A, B,C € |¥|

additionally the composition must be associative and foid, = f =idgo f for any f: A — B.

Example 2.2. Some standard examples of categories and their objects and morphisms include:

Category Objects Morphisms

Set Sets Functions

Par Sets Partial functions

Rel Sets Binary relations

Gra Directed Graphs Graph homomorphisms
Pos Partially ordered sets Monotone mappings

Mon Monoids Monoid homomorphisms
Monoid (M,-,e) A single object * x:* — x for every x € M
Poset (X, <) Elements of X r<y < 3Af:z—-y

2.1 Special Objects

Special objects play an important role in category theory. In this chapter we will characterize
(finite) products and coproducts, as well as special morphisms such as isomorphisms, monomor-
phisms and epimorphisms.

2.2 Initial and Terminal Objects

Definition 2.3 (Initial and Terminal Objects). The following is the categorical abstraction of
“empty set” and “singleton set” respectively.

1. An object 0 € |%| is called initial if for every B € |C| there is a unique morphism j : 0 — B.
2. An object 1 € |¥] is called terminal if for every A € |C| there is a unique morphism

1+ A — 1.

Example 2.4. Oftentimes the initial object is an empty structure and the terminal object a
singleton structure, some examples are:



2 Category Theory

Category Initial Object Terminal Object
Set 1) *
Pos 0 *
Gra Empty graph Singleton graph

Poset (X,<) L1 € X suchthat Vx e X.1 <z T € X suchthat Vx € X.x <T

2.3 Special Morphisms

Now let us characterize special morphisms.

Definition 2.5 (Special Morphisms). Let f: A — B be a morphism. f is called

e an isomorphism (iso), if there exists an inverse f~! : B — A such that fo g = idg and

go f=idy;
o a monomorphism (mono), if for all g,h : C' — A the implication fog= foh=g=nh
holds;

o an epimorphism (epi), if for all g,h : B — C the implication go f = ho f = g = h holds.

Example 2.6. Let us consider what these notions instantiate to in concrete categories.

Category Monomorphisms Epimorphisms Isomorphisms

Set injective functions surjective functions bijective functions
Pos, Gra injective morphisms surjective morphisms bijective morphisms
Poset (X, <) all all all

Monoid (M, -,e) left cancellative a € M  right cancellative a € M invertible a € M
Proposition 2.7. Fvery isomorphism is a monomorphism and an epimorphism.

Proof. Let f be an isomorphism.
e fog=fohimpliesg=flofog=f"tofoh=h,thus fis a monomorphism.
e gof=nhofimpliesg=gofof'=hofof!=Hh,thus fis an epimorphism.

Proposition 2.8. If f o m is a monomorphism then m is also a monomorphism.

Proof. Let mog = moh. To show that g = h it suffices to show that fomog = fomoh, which
indeed follows by assumption. O

Proposition 2.9. Ifeo f is an epimorphism then e is also an epimorphism.

Proof. Let goe = hoe. To show that g = h it suffices to show that goeo f = hoeo f, which
again follows by assumption. O

Categorical structures like initial objects are usually not uniquely identified, there might be
multiple initial objects in a category. However, all initial objects in a category are isomorphic,

we call this “unique up to isomorphism”.

Proposition 2.10. Initial objects are unique up to isomorphism.



2.4 Duality

Proof. Let 0,0” € |€| be two initial objects of ¥ with the unique morphisms j, : 0 — A and
i’ 4 : 0" = A. The isomorphism is:

Note that by uniqueness jo o i’y =i', = idy and ' o jor = jo = idy. O
Proposition 2.11. Terminal objects are unique up to isomorphism.

Proof. Let 1,1” € |€| be two terminal objects of 4 with the unique morphisms !, : A — 1 and
"4+ A — 1". The isomorphism is:

Note that by uniqueness !";oly, =1, =idy, and !y, o '] =, =id;. O

2.4 Duality

Notice how similar the proofs of Proposition 2.8 and Proposition 2.9 as well as Proposition 2.10
and Proposition 2.11 are to each other. It seems that we should somehow be able to construct
one proof from the other, such that the work required would be halved. This is actually the
case, we can for example say that Proposition 2.9 follows from Proposition 2.8 by duality.

Definition 2.12 (Dual Category). Every category % has a dual category €°P defined by
. [gr| = (4]
o €°P(A,B)=%(B,A)

Example 2.13. Examples are:
1. In a poset the order relation gets reversed.
2. Rel®P is isomorphic to Rel, since subsets of A x B are in bijection with subsets of B x A

3. (¢P)r =€

Every categorical notion can thus be dualized by viewing it in the dual category, some examples
include:

Notion Dual Notion

Initial Object Terminal Object
Monomorphism Epimorphism
Isomorphism Isomorphism

This yields a proof principle “by duality”, where every theorem yields another theorem by
duality.
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2.5

Products and Coproducts

The categorical abstraction of Cartesian products is:

Definition 2.14 (Product). The product of two objects A, B € || is an object that we call
A x B together with morphisms 7, : A x B — A and 7, : A x B — B (the projections), where
the following property holds:

Example 2.15. Some examples include:

1.

Set: The product of two sets A and B is the Cartesian product A x B = {(a,b) | a €
A,b e B}.

Gra: The product of two graphs has as vertices the Cartesian product of the vertices of
both graphs and an edge (v;,u;) — (vy, uy) iff there exists edges v; — v, and uy — us.

Pos: Given two posets (A, <), (B, <), the product is the Cartesian product of A and B
where (a,b) < (a’,b") <= a<a' ANb <D

Let (X, <) be a poset, the product of a,b € X is the greatest lower bound of a and b.

Dual to products are:

Definition 2.16 (Coproduct). The coproduct of two objects A, B € || is an object that we
call A+ B together with morphisms i, : A — A+ B and i, : B — A+ B (the injections), where
the following property holds:

A%A+B<—B

%%

C

Example 2.17. Examples include:

1.

Set: The coproduct of two sets A and B is the disjoint union A + B = {(a,0) | a €
A} U{(b,1)|b € B}.

. Pos: The coproduct of ordered sets (A, <) and (B, <) is the disjoint union A + B where

2<Z iff 2,27 €Aand z< 7z or 2,2/ € Band z < 7.

Gra: Analogous to Pos.

. Let (X, <) be a poset, the coproduct of a,b € X is the least upper bound of a and b.

Rel: Analogous to Set the coproduct is the disjoint union. Since Rel = Rel’” we know
that the product is also the disjoint union.

Proposition 2.18. Products are unique up to isomorphism.

10



2.5 Products and Coproducts

Proof. The usual proof is somewhat analogous to the proof of Proposition 2.11. Instead, we
will prove it like this:

f
Consider the category span, (A, B) where objects are triples A < C % B and morphisms
(C,f,9) — (C', f',g") are morphisms k : C — C” in € such that

C
f g
A k B
I’ g
C/

commutes. Products of A and B are the final objects in span, (A, B) and are thus unique up
to isomorphism. O

By duality, we get:

Proposition 2.19. Coproducts are unique up to isomorphism.

We can now characterize products (and later dually coproducts) as a commutative monoid:
Proposition 2.20. 1 is a unit of X, i.e. A= A x 1 for any A € |€].

Proof. Take (idy,!,): A— Ax1and m; : Ax 1 — A, this indeed constitutes an isomorphism,
since

Ty o (idy,lx) = idy
by definition and
(id g, La) omy = (my, 1) = (T, o) = id g,

because my, =!, : A x 1 — 1 by uniqueness of ! 4. O]

Proposition 2.21. x is associative, i.e. Ax (B x C) = (A x B) x C for any A,B,C € |%]|.

Proof. Take
a = ((my,m omy),Mgomy) : AX (BxC)— (Ax B)xC
and
al={(mom,(myom,m)): (Ax B)x C — Ax (BxC).
The rest of the proof then amounts to simply rewriting. O

Proposition 2.22. x is commutative, i.e. A x B= B x A for any A, B € |€|.

Proof. Take
(my,m): AXB— Bx A
and
(my,m): BXx A— A X B.
Indeed, (my, ) o <7T27771> = (myo <7727771>7771 ° <7T27771>> = <7T177Tz> =1d. O

11



2 Category Theory

Duality instantly yields the commutative monoid structure of coproducts:

Proposition 2.23. 0 is the unit of +, i.e. A= A+ 0 for any A € |€)|.

Proposition 2.24. + is associative, i.e. A+ (B+C)= (A+ B)+ C for any A,B,C € |%|.
Proposition 2.25. + is commutative, i.e. A+ B = B+ A for any A, B € |%|.

Remark 2.26. If a category has a terminal object and binary products one can form arbitrary
n-ary products (finite products), such a category is called Cartesian. Dually a category with
an initial object and binary coproducts is called Cocartesian.

2.6 Functors

Functors are morphisms between categories, concretely:

Definition 2.27 (Functor). A functor F : ¢ — 2 consists of
o a mapping F : |€| — |Z| on objects and
o a mapping F': (A, B) — ¢ (FA, FB) on morphisms,
such that F(id,) = idp, and F(go f) = Fgo Ff.

Example 2.28. Usual examples of functors include
1. Constant functors mapping to a single object: D!: ¢ — 2, D € |2| with

D\(C) = D, DI(f) =idp.
2. Identity functor: Id, : ¢ — € with
Id,(C)=C,  Idu(f) =T

3. Composition of functors: (FG)(X) = F(GX), (FG)(f) = F(Gf)
4. Square functor on Set: @ : Set — Set with

QX=XxX, Qf=/fx/.
5. list : Set — Set, see subsection 1.2.2.
6. For A € |%| there is the hom-functor (A, —) : € — Set given by

C(A,B), C(Af:B—B)h:A—=B)=foh:%¢(A B).

7. Functors between posets are monotonous maps, which in turn are the morphisms in Pos.

8. Functors between monoids are monoid homomorphisms, which in turn are the morphisms
in Mon.

9. The power set functor & : Set — Set defined by

X ={Y|YCX}
()Y =f[Y]C X', for Y C X.

12



2.6 Functors

10. If ¥ is a category that adds some structure to sets (like Mon or Pos) one usually can
construct a forgetful functor U : € — Set, e.g.

Up,s : Pos — Set, (X,<) »X
Uiton : Mon — Set, (M,-;e) —» M

Using functors as morphisms, one can almost build a category CAT of all categories, however
the collection of all categories is not a class (as required) but a conglomerate, thus CAT is called
a quasi-category. The small categories (i.e. where the collection of objects is a set) form a ‘real’
category Cat.

We can however consider structures like products and isomorphisms in the quasi-category CAT:

Definition 2.29 (Products of Categories). The product of two categories €, Z consists of
. 6 x 2] =% x |9,
e (€ x D)((Ay, Ay), (By, By)) = €(Ay, By) x D(Ay, By),

with projection functors 7 : € X ¥ — €, 19 : € X 9 = 9.

Example 2.30. More examples of functors include:
11. The Cartesian product functor: — x — : Set x Set — Set.
12. The binary hom-functor € (—, —) : €°°? x € — Set with

C(A,B), Clg:X =X, f:Y Y )h:X>Y)=fohog:E(X,Y).

Definition 2.31 (Covariant and Contravariant Functors). A functor F : €°P — 2 is called a
contravariant functor ¥ — 2. For differentiation, we call ‘normal’ functors ¥ — & covariant.

Example 2.32. Examples of contravariant functors include:

13. For every Y € |€| there is a contravariant hom-functor ¢ (—,Y) : €°? — Set given by

C(X,Y), Cf:X X Y)h:X=>Y)=hof:CX,Y).

14. 205 : Set” — Set where
2X ={f: X -2} =2 2X

and

XYY oY L oX > pY o X, Ze{x|freZ)=fZ]CX.

15. For every functor F' : € — 2 the identical functor F°P : €°P — P°P given by
ForC = FC, FPf=Ff.
Isomorphisms of categories are the isomorphisms in the quasi-category CAT, thus a functor is an
isomorphism iff he is bijective on both objects and morphisms. However, oftentimes categories

are not isomorphic but instead equivalent in the following sense:

Definition 2.33 (Equivalence Functors). A functor F': ¢ — 2 is called

13



2 Category Theory

full if every F : € (A, B) — 2(F A, FB) is surjective,
faithful if every F : €(A, B) — 2(F A, FB) is injective,

o essentially surjective (dense) if for every D € & there exists a C' € € such that D = F(C,

e an equivalence if F' is full, faithful and dense.

Example 2.34. Let us consider two examples of equivalent categories:

1. The category Par is equivalent to Set,, which is the category of pointed sets, where objects
are tuples (X, p),p € X and morphisms are point-preserving.

2. The product category Set x Set is equivalent to the slice category Set/2, where objects are

f
maps X — 2 and morphisms h : (X — 2) — (V 4 2) are maps h : X — Y such that
goh=1F.

2.7 Natural Transformations
2.8 Functor Algebras
2.9 Functor Coalgebras

2.10 (co)Limits

14



3 Constructions

3.1 CPO
3.2 Initial Algebra Construction

3.3 Terminal Coalgebra Construction
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